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Abstract: In this paper, we are studied the weak Galerkin finite element method for the incompressible viscous Magneto-
hydrodynamic (MHD) equations. There have been the several numerical methods for the incompressible viscous Magneto-
hydrodynamic equations: the continuous Galerkin finite element methods, the discontinuous Galerkin finite element methods, and
the mixed Galerkin finite element methods et al. These numerical methods are converted to large-scale system of linear or
nonlinear equations, which are solved by direct or iterative method. Besides accuracy, efficiency, and robustness of numerical
methods, physical properties such as local conservation and flux continuity are very important in practical applications. And these
numerical methods have following properties. (1) The continuous Galerkin finite element methods are known as lacking of *‘local
conservation’’. (2) The discontinuous Galerkin finite element methods are locally conservative but there is no continuity. Also the
discontinuous Galerkin finite element methods increase in numbers of unknowns. (3) The mixed Galerkin finite element methods
approximate the two variables that satisfy the inf-sup condition. Therefore the obtained saddle point problems are difficult to solve.
A weak Galerkin finite element methods are locally conservative well, continuous across element interfaces, less unknowns than
discontinuous Galerkin finite element methods, and definite discrete linear systems. A weak Galerkin finite element methods are
based on new concept called discrete weak gradient, discrete weak divergence and discrete weak rotation, which are expected to
play an important role in numerical methods for magneto-hydrodynamic equation. This article intends to provide a general
framework for managing differential, divergence, rotation operators on generalized functions. With the proposed method, solving
the magneto-hydrodynamic (MHD) equation is that the classical gradient, divergence, vortex operators are replaced by the
discrete weak gradient, divergence, rotation and apply the Galerkin finite element method. It can be seen that the solution of the
weak Galerkin finite element method is not only continuous function but also totally discontinuous function. For the proposed
method, optimal order error estimates are established in Hilbert space.

Keywords: Weak Galerkin Finite Element Method, Incompressible Viscous Magneto-hydrodynamic Equations,
Discrete Weak Gradient, Discrete Weak Divergence, Discrete Weak Vortex, Navier-Stokes Equations

of Navier-Stokes equations of fluid dynamics and Maxwell’s
equations of electromagnetism. These equations are
concerned with the viscous, incompressible, electrically
conducting fluid and an external magnetic field. In this paper,
we consider the magneto-hydrodynamic equations.

1. Introduction

Magneto-hydrodynamic (MHD) equations which have
been widely used in industry and engineering, such as liquid
metal cooling of nuclear reactors, process metallurgy,
simulate aluminum electrolysis cells and so on are composed
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O_B +7rotE =0,
ot

divu =0,

j=rotB=L(E+u><B+Jc) ()

U

divB =0 3)

with the following initial condition and homogeneous Dirichlet boundary conditions.

u|t=0 =uy(x), B|t=0 =B (x)

u=0, Bh=0,

where QOR" (n=2,3) is

domain with Lipschitz-continuous boundary 0Q, u, B, E, j

a bounded-closed, convex

are velocity, magnetic field, intensity of electric field, electric
current density, J. is minor control possible electromotive

force, p is hydrodynamic pressure,
2

y:i’ 1% :L’ a=" and the three parameter
R,W" R, R,R,

R,,R,,M represent hydrodynamic Reynolds number,

magnetic Reynolds number and Hartmann number. Because
MHD equations have practical significance in many fields of
science, technology and production, many researchers gave
some research results for magneto-hydrodynamic. [1, 2, 7, 9].

Some research results are given as follows:

In [3-5], the mixed and stabilized FE methods were used
to solve MHD equations.

Additionally, Y. He [8] studied an unconditional
convergence of the Euler semi-implicit scheme and G. Yuksel
and R. Ingram [6] investigated a full discretization of Crank—
Nicolson scheme for the non-stationary MHD equations with
small magnetic Reynolds numbers.

In [10], it was studied the design and analysis of some
structure preserving finite element schemes for the magneto-
hydrodynamics (MHD) system.

X. Feng et al have applied some Uzawa-type iterative
algorithms to the steady magneto-hydrodynamic (MHD)
equations discretized by mixed finite element method [11].

In [12], it has focused on a fractional-step finite element
method for the magneto-hydrodynamics problems in three-
dimensional bounded domains.

In [13], the convergence analyses of standard Galerkin
finite element method and a new highly efficient two-step
algorithm for the stationary incompressible magneto—
hydrodynamic equations was studied.

In [14], it was devoted to extension of boundary element
method (BEM) for solving coupled equations in velocity and
induced magnetic field for time dependent magneto-
hydrodynamic (MHD) flows through a rectangular pipe.

In [15], Y. Rong and Y. Hou have studied a partitioned
scheme based on Gauge-Uzawa finite element method for the
2D time-dependent incompressible magneto-hydrodynamics
(MHD) equations.

In this paper, we are going to propose a formulation for the
weak Galerkin finite element method for the magneto-
hydrodynamic (MHD) equations (1)—(5).

x0Q “)

Exn=0, I,xn=0 (x,1)08Qx(0,T) (5)

The weak Galerkin (WG) method was recently introduced
in [16] for second-order elliptic problems based on local RT
elements.

It is an extension of the standard Galerkin finite element
method where classical operators (e.g., gradient,
divergence, and curl) are substituted by weakly defined
operators.

Then, in [17], the weak Galerkin method was extended to
allow arbitrary shapes of finite elements in a partition by
adding parameter free stabilizer, which enforces a certain
weak continuity and provides a convenient flexibility in mesh
generation.

Through rigorous analysis, the optimal order of priori error
estimates has been established for various weak Galerkin
discretization schemes for second order elliptic equation in
[16-18].

And the possibility of an optimal combination of
polynomial spaces that minimizes the number of unknowns
has been explored in several numerical experiments in [19].

On the base of the weak Galerkin mixed finite element
methods, the weak Galerkin method for the Stokes equations
was stated in [20].

In [28], it was considered the lowest-order weak Galerkin
method for linear elasticity based on the displacement
formulation.

Moreover, because the weak Galerkin method inherits the
advantages and abandons the weaknesses of a discontinuous
Galerkin or discontinuous Petrov—Galerkin method, it has
been developed to solve many equations.

Thus, we refer to several papers for applications of the
WG method to some other partial differential equations,
such as, elliptic interface equations [31], Oseen equations
[21], Helmholtz equations [22, 23], Darcy—Stokes
equations [24, 29, 30], convection—diffusion-reaction
equations [32], Sobolev equation [33] and parabolic
equations [25-27] etc.

It is well known that the magneto-hydrodynamic
equations involve a trilinear term, which changes the
essence of all the problems considered so far (linear or
nonlinear problems).

The goal of this article are to construct and analyze a
stable weak Galerkin finite element method for the magneto-
hydrodynamic equations (1)—(5) by using the definition of a
weak trilinear term.

This method allows the use of finite element partitions
with arbitrary shapes of polygons or polyhedra with shape
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regularity and parameter free. 2. Preliminary Results and Notations
An outline of this paper is as follows. In the next

section, we introduce some notations for the magneto- From the systems of equations (1), (2).

hydrodynamic equations (1)—(5) and Sobolev spaces. In du
Section 3, the fundamental definitions and weak Galerkin ——y@Du+(ul)u+0p-aoBxB=0
finite element scheme for the magneto-hydrodynamic 0t
equations are developed. Then, in Section 4, we estimate 9B
the error of weak Galerkin finite element approximation — * ¥, UotorB —rot(uxB) =rot],.
solution for the incompressible viscous Magneto- ot
hydrodynamic equations. divi=0, divB=0
In Section 5, we give numerical experiment to verify the
studied theoretical analysis. Finally, conclusions are drawn in Therefore, we consider the following non-stationary
Section 6. incompressible magneto-hydrodynamic equations.
Ju Iy 2, _
E—ymu+roru><u—a ZoBxB+0(p +5|u| Y=0 (x,)0Qx%(0,7), (6)
0B
m = yyrot kotB —rot(uxB) = rotl. (x,)0Qx%x(0,T), (7
diva =0, divB=0 (x,)0QX%(0,7), (8)

with the initial-boundary conditions
Ul,z =ug(x), Bl =By(x)  x0Q )
u=0, Bm=0, J.xn=0 (x,7)00Qx(0,T) (10)

We introduce the following notations of some norms and spaces:
2(Q) :[H (Q)]d, Wi = [W;(Q)]d ,(d=2,3)
H(div, Q) = { VvOr @), 0507 (Q)}
H(rot, Q) = { VvOL (@), OxvOL? (Q)}
Hy =H, ={w DL (Q)] divw =0, wil, =0}
v, :{u OW} (Q)] diva =0, ul,, = o} :
v, ={BOW}(Q)| @nB=0, B, =0]
Vy = H, (ror, @) ={u 012 (Q)] rom D12 (@), wxnl,, =0}
@wv=[ uFde  Jul=Jww, OuvOH o H,
[u, v] = (romu, rotv) = jrom Gorvax, [ =\[w,ul, OuvOV; o0 v,
Q

H=H,xH,, V=V,xV,, VOH=H OV

where (rotu, rotv)=(Ou, Ov) Ou, vOV, and H', V' are dual spaces of H, V.
We define the operators 4,:V, — V,, 4,:V, - V,, &V - V', GVxV - V', F:1*(Q) - V' following as:
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(Ay, Z) = y(Alu, V) Yy (AZB, w) =a,(u,v)+a,(B, w)

a(u, v) = y(l]u, DV)

a,(B,w)=y, (rotB, rotw)

(G(yl, Y2), Z) = (rotu1 xu, —rotB, XB, V) —(u2 xB,, rotw)

(F(JC), z) ={,,rotw) ,

where y={u, B},y1 ={u1,Bl} Y ={u2,B2} ,z={v,w} av,lJ. DLZ(Q)

For the operator A4V - V',

(Ay, y) 2 a’|y|2, a= min{y, yﬂ}
(Ay, Z)=(y, Az), Uy,zOV

For the operator G:VxV - V', representing G(y, y) = G[y],

(G(y, z), Z) =0, (G[y], z) = (rotu xu, V) —(rotBXB, V) —(uXB, rotw) .

By the Holder’s inequality, we can know that norm satisfies |u . o SK ||u||% E]Juﬁ .

For operator G:VxV - V', the trilinear form (G(yl, Y1), y3) satisfies.

1 1
(G(YpYz)» Y3) <G |Y1|[|]§’2|5 ["AY2||E I:HIY3"» vV, y, UD(4), y; UH,

where C) >0 is a constant independent of Q, R, , R, . [34].

The weak formulation of problem (6) - (10) can be written a variation forms as follows.

(¥, 2) +(4y, 2) +(Glyl, z) = (F(J.), z)

3 | 3 |
(G(Yp ¥2), Y3) <G |}’1|Z [ﬂlyan [l]Y2| EPY3|Z [ny3||2, Yi» Y2, ¥3 OV, an
(12)
Oz0OV, 000, T), (13)
0z0OV, (14)

v(0) =y,

where y = {u, B} is called a weak solution if y U I’ 0,7;V)

and yL*(0,T; V") are the solutions of equations (13) — (14).

Next, we will introduce the weak gradient operator, weak
divergence operator and newly weak rotation operator
defined on a space of generalized functions.

To explain weak gradient, weak divergence and weak
rotation, let K be any polygonal domain with interior K°
and boundary 0K .

A weak function on the region K refers to a function

v={vy, v} such that vo OL*(K) and

d
1 1
v, OH2(0K) = [H 20K )] , where the first component v,

can be understood as the value of v in the interior of K and
the second component v, is the value of v on the boundary
of K.

Denote by W(K) the space of weak functions associated
with K ;i.e.,

1
W(K) = {v ={v,, vb}| vo OL*(K), v, DHZ(()K)} (15)

The dual of L*(K) can be identified with itself by using

the standard L’ inner product as the action of linear
functional.

Definition 1. ([16]) For any v W(K), the weak gradient
of v is defined as a linear function [],,v in the dual space of
H(div, K) whose action on each q OH(div, K) is given by

(O,v, Qg ==(vo, Ul + < vy, q[h >y,
where n is the outward normal direction to 0K .
The discrete weak gradient operator denoted by U, ,  is

defined as the unique polynomial O, ,vO[F (K N
satisfying the following equation:
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(O ek Vs W ==(vo, divw) + < v, wh >y, Ow O[B.(K)1™ (16)

Definition 2.([16]). For any v W(K), the weak divergence of v is defined as a linear function div,,v in the dual space of

W21 (K) whose action on each ¢ [J W21 (K) is given by

(div,v, @) ==(vy, Ug) g + < v, [h, g >4,

where n is the outward normal direction to 9K .
The discrete weak divergence operator denoted by div,, . i is defined as the unique polynomial div,,, (vUP.(K) satistying

the following equation:
(divw_r_]( B’a q)K =_(V05 Dq)K+<Vb Rl,q >6Ka DC]DR,(K) (17)

Then we introduce the definition of a weak rotation operator.
Definition 3. For any vOOW(X), the weak rotation of v is defined as a linear function rot,v in the dual space of

H(rot, K) whose action on each q [ H(rot, K) is given by

(rot,v, Qg = (Vy, rotqQ)x — <V, Xn,q >5¢ ,

where n is the outward normal direction to 9K .
The discrete weak rotation operator denoted by rot,, , x is defined as the unique polynomial rot,, , , O[F.(K )¢ satisfying

the following equation:
(10t . D = (Vo, 701Q) = <V, X0, q >, DqO[R (K] (18)

Q and KUK, be any polygonal domain with interior K 0
3. Weak Galerkin Finite Element and boundary 9K , where the mesh size & =max hy , iy is the
Method (WGFEM) diameter of element K .

Then, we can introduce the discrete weak Galerkin
In this section, we design a continuous time and finite element spaces on a given mesh: for the velocity
discontinuous time WGFEM for the problem (13)—(14). variable,
Let K, be aregular, quasi-uniform partition of the domain

Vi ={u = e uby| wf] DRGOY ] DEAL KON foran KO,

"

and denote V), =[uh ={u},u} }‘ u, OV, uZ‘BKﬂaQ = 0} ; for the magnetic field variable,

Vay ={B, = 81 B B, DIAGOY. B[ DIRL (O forall KOK,)

and denote VY, :{Bh = (B!, Bf,’}‘ B, 0V,,, B! Dh‘ = 0} . three projection operators: Q,v={Q,v,Q,v} is I*
9KNIQ
rojection operator from W. onto V;, or V,,, R,v is I°
Moreover, we denote y, ={ye, yh by P P 2 Iy th 2h> T
X
h— g h phy oh — g h Rk rojection operator onto | P. (K R,v is [* projection
Yo =1y, Bo}, vy ={up, By}. proj P [ l( )] > BV proj

In the further, we shall drop the subscript » and K to  operator onto P (K) and M,v is L* projection operator

simplify the notations for the discrete weak gradient, ) ) d ..
divergence and rotation operators. from H(div, Q) onto H(div, Q), M,vO[P(K)]® satisfies.
To investigate the approximation properties of the discrete

weak Galerkin finite element spaces V), and V,,, we use
(divv, vy) g = (divil,v,vy) g v, UR(K) (19)

For y={u, B}V =V, xV,, weset O,y ={0,u, 0;B}, R,y ={R,u,R;B}, R,y ={R,u, R,B} and M,y ={M,u,M,B}.
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The L* projection operators 0O,, R, and R, satisty the following properties.
Lemma 3.1. For any y = {u, B)OV =V, xV,, The ? projection operators O, , R, and R, satisfy

0,04y =Ry (Qy), div, Qpy = Ry (divy), rot, Opy =Ry (roty) (20)
|y -2y, scrilbl, . 0sssi KOK), @1
12,0y = Oyl < Chic |y, Osssi+l KDK, (22)

Proof. From Definition 1, I* projection operator O,y and Green’s formula, we have

[0.0.ymax =~[ @)D taax+ [ ©,y)athds, DaORE™ -
K K K

Since Q, and Q, are I? -projection operator, then the right-hand side of (23) is given by
~[ @)D @dx+ [ (Qyy)atids = ~[ yOtadx + [ vahds = [ (Oy) @adx = [ R, () G
K oK K oK K K

This shows that 0,0,y =R, (Uy) holds.

Similarly, from Definition 2, we can derive div,,Q,y = R, (divy) and rot, O,y = R, (roty) .
Also, it implies approximation property (21) and estimate (22).

Lemma 3.2. For any ¢ [ H(div, Q) XH(div, Q) ,

D (0% vo) = D) (Mg 0,3)s Oy =(v0, ¥,) OV x V3, (24)
KK, KUK,

Proof. From L* projection I, and Definition 1,

z (‘D g, Yo)K = z (_Dmhqa YO)K = z (nh% Dw}’)T - z (Yba nhql-_lh)aK = z (nh% DWY)K

KOK, KUK, KUK, KUK, KUK,
The weak Galerkin finite element method is to replace the The semi-discrete WG finite element method of (13)—(14)
classical gradient and rotation operators by the weak gradient s to find y,(x,H)0 VI(L xVZOh , satisfying uZ =0 and

operator [1,, and weak rotation operator rot,, and to use the i i PR
B,th=0 on 0Q, 00, 7] for Q,y=y, ={u,, By} ,

. . 0y /0
discrete weak finite element space V;, XV, . y,(x,0)=0,y, in Q and the following equation.

First, we introduce the semi-discrete WG finite element
method.

(V- 20) + A(y4 2) +(Gly, 1. ) = (F(1,). 7). Dz 0V, x V3, ¢0[0, 7] (25)
where (Ay, z) and (Gly], z) are respectively the weak bilinear and trilinear form defined by

A(y, z) =a;(u,v)+a,(B, w)
a(u,v)= y(Dwu, DWV) = y(rotwu, rotwv)

a(B,w)=y, (roth, rotww)
(Gw[y], Z) = (rotwu xu—rot, BxB, V) - (u xB, rotww)

and (F(J.),z,) is defined by (F(J,), zy) = (., rot,w,) .

For the equation (25), we can get the following splitting equation, respectively:
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au—h,v +yd u,,d v)+(rot,u, xu,, v)—(rot, B, xB,,v)=0
oo yRu,u,, U, wlp XUy, wbp X B

(26)
(7, woj Yy (rotWBh, rotww) —(uh xB,, rotww) = (Jc, rotwwo),
where (Dwu, DWV) = z (Dwu, DWV)K , (rotWB, rotww) = z (roth, rotWW)K , (rotwu, V) = z (rotwu, V)K .
KUK, KUK, KUK,
Next, we turn our attention to the full discrete WG finite element method.
Let 7 be the time step size and ¢, =n7 , where n is a nonnegative integer.
We denote by y,(¢,) =y} the approximation of y(z,) .
Writing the full discrete WG finite element scheme for equation (13)—(14),
(0,¥h.29) + A(Y}, 2) (G, y31.2) = (FU,). 29 ). D20V, XV, v = 0, @7)
K+l _ _k k_ k-l
where 9,y} =In "I o a,y% =YYk
T
For the equation (27), we can get the following splitting equation, respectively:
n n-1
Uy — Uy n n n n n —
———, v, |+ ydd, u;,, 0,v]+|rot, u, xuy, v|—|rot, B, xB,, v|=0
( r OJ V[Q h ) ( el ) ( h XDy )
B, -B;™ " P @8
———, W, |+ V¥, |rot, By, rot, w|—|u, xB,, rot, w|=(]., rot,w
BB oy o o) ) = )
0 _ 0 —
u, =0yuy, B, =0,B,
or
un+1 —
[u, V0]+ y[@DWuZ, DWV) + (rotwuZ Xuy, V) —(rotWBZ xBj, v) =0
T
Bn+l -RB” 29
(u, W ] +Y, (rothZ, rotww) - (uZ xBj, rotww) = (JC, rotwwo) 2%
T

ug =0y, B2 =0,B,

This approximate solutions uj and B} are called the

approximate solutions of the full discrete WG finite element 4, Error Analysis of Approximate
method for the equations (13) —(14). Solution

Remark 1. In this article, we haven't indicated for the

hydrodynamic pressure p = p(x,?) , because we can find In this section, we derive some error estimates for semi-

easily the hydrodynamic pressure p = p(x,t) from the discrete and full discrete WG finite element methods.

equation (6) if we have found out the approximate solutions By means of projections O, and R, , we can derive the
ul and B} in the equation (26) or (28). following approximation property.
Lemma 4.1. For u,BOH"(Q) with s>0, we have
respectively.
"ﬂh (Du) -0, (Qhu)” <ch’ ||u||1+‘Y , ”I'Ih (rotB) -rot,, (QhB)" <ch’ ||B||1+‘T (30)
”Du -0, (Qhu)" <ch’ ||u||1+S , "rotB -rot,, (QhB)” <ch’ ||B||1+‘T 31

Proof. Since from (20) we have [J,,0,u =R, (Ou) and 0O,0,B =R, (0B), then
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M, (Du) -0, @w| =], (Bu) R, (Ou))

Using the triangle inequality and the definition of 1, , we have

[ (00) R, ] <[, Oy = O =Ry O ™ [, +exh™ [0, <

Similarly, we can derive

||ﬂ i (rotB) -rot,, (QhB)" <ch’ ||B||1+s .

The estimate (4.2) can be derived in a similar way. This
completes a proof of the lemma.

Next, we shall prove the following estimate for the error of
the semi-discrete solution.

Next, we introduce following lemma. [26].

Lemma 4.2. Assume that y = {u, B} ={y,, y,} DV& XVZOh
(yo ={uy, By}, y, ={u,, B, }) , then there exist a constant

C such that
Iv] < Clror,y] (32)

where O,yOV,, xV,, .

Theorem 4.3. Let y OH'** (Q) and y, be the solutions of

equations (13)—(14) and (25), respectively. Then, there exists
a constant ¢ such that

v (1) =@y (0)] < &> [y, e (33)
0

where y,, (1) = {u, (1), B, (1)}, O, y(t) ={Q)u, O, B} .
Proof. Let z D{ZO, zb} OV, x VY, be the testing function.
For yOH" (Q), we know that rot, (0,y) =R, (roty),

(On¥> 29) = (¥, zo) and (O, 25) = (¥, Zg) .
For yOH" (Q), we obtain

(FUO, 20) =G 200+ Y Ay, 20k +(Go (v, ), 2) = (35 29) + (N, Groty), rot,2) +(G,, (v, ), 2)

KUK,

=(0,¥. zo) +(rot,,(Q,y), rot,z)+ (M, (roty) =R, (roty), 0,2z)+(G,(Q,y, Quy), z).

Also, as the solution y, of equation (25), we have

(F(Jc)7 Zo) =(¥1» z0) +(rot,yy, rot,z)+(G,(y4 y4)» 2)

Combining the above two equations, we get

(¥, =04y, 2o)+(rot,,(y, =0py), rot,z) = (N, (roty) =R, (roty), 0,z)+(G,(Qy, OY). z)=(G, (¥4, ¥1): 2) (34)

Now, Denote by e, =y, —0,y the difference between the weak Galekin approximation and the I? projection of the exact

solution y .

Substituting e, for z in (34) and using the Cauchy-Schwarz inequality, we obtain

(&y» €po) *+(rot e, rot e, ) = (N, (roty) =R, (roty), rot,e, ) +(G,(Qpy, Opy). €;)
- (GW(Yh s Ony)s €, ) + (GW(Yh s Ony)s €, ) - (Gw(th Yi)s € )
= (N, (roty) =R, (roty), rot,e, ) =(G, (e, Oy).€,)

3 1 3 1
< "I_Ih(roty) —Rh(roty)" ["rotweh||+c|eh|2 [neh ||Z [lth| [l}:hP [Weh ||Z

3 1
<7, (roty) =R, (roty)| Qfrot, e, | + ¢ e, 2 Hle, 2§01

3 1
< ||ﬂ »(roty) =R, (roty)" E"rotweh || +c ||r0tweh ||5 Iﬂeh ||5 EWy”

1 3 1
< ||ﬂ »(roty)—R,, (roty)"2 +Z||r0tweh "2 +Z||r0tweh ||2 +ch ||e||2

=1, o) =R, oy +[rot, e, + ¢ ey

Therefore, we have
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1d
S el +lrone | <[ Gom) =R, o) +]ron, e, +ex e,
We obtain by Lemma 4.1. That is,
1d s !
S el salal +en b, 69 Jealf <637 [y, a
0

Thus, integrating with respect to ¢ and from 0)=0, .
. & gw P e(D ) The proof is completed.

Now, we shall derive an error estimate for the full discrete
WG approximation.

t t
||eh||2 < 2c’hzs.|‘||y||§+1 dr + 2(:2-"||eh||2 dt (36) Theorem 4.4. Let yOH'™ (Q) and y}, be the solutions of
0 0 equations (13)—(14) and (28), respectively. Denote by

we arrive at

By Gronwall’s inequality e" =y, —0,y(,) the difference between the full discrete

WG approximation and the I? projection of the exact

t .
2 ctm 1125 2 solution y .
<ce2en™ (|2, e
”eh " e o "y"S“ (37) Then, there exists a constant C such that
t, 2 2
2 4 12 2 07yl(s
o erSfpone < +c| b, [0 | s 0
— t
i=1 0
where y; =y, (t,) ={u,(,), B, ()}, O,y(t,) ={04u, O;B} .
Proof. From the equations (13) and (27),
(3, 20) + Ay, 2) + G(y, ¥, 2) = (F(1,), ) (39)
yn _yn—l
HTh 2 |+ Ay 2+ G (7 v 2) =(F ). 2) (40)
Subtracting the equation (39) from the equation (40).
yn _ yn—l
(). 7 [F A7) AG(,), 2) = G (y(0,), y(,),2) =G, (v vio2) (41)

Writing the equation (41) similarly with the equation (34),

(yz v 0() =0y, ZOHth(r,,)—th(rn_l)

- Y(tn )7 ZOJ + A(YZ s Z) - A(y(tn )5 Z)
T T T

= (M, (roty(2,)) =R, (roty(z,)), rot, z) + G (y(z,), y(t,). 2) =G, (v3 vi. 2)

Rewriting the above equation,

(yz i 0(t) =0y, ZOHth(r,J—th(rn_l)
’ r

. . =Y (), Zojﬂl(yz, z) = AQyy(1,), 2)

= (M, (oty(2,) =R, (roty(1,), rot,2) + G (y(t,), ¥(,), 2) =G, (v3. v} 2)

Taking account of ¢" =y}, —Q,y(z,) , we obtain
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n _ n-1 ) t)=v(t._
[%, Zoj"'A(en’Z) = (Yh(fn) _M, Zoj"’(nh(mt}’(tn)) R, (roty(1,)), ”Oth)
+G(y(t,), ¥(4,),2) =G, (v} i 2)
Also, let w{' =y(z,) —M, w5 =0, (roty(t,)) =R, (roty(t,)) and choosing the z =",
n _ n-l
[i, e"J+A(e", e")=(wi,e")+ (w3, rotwe")+G(y(tn), y(t,), e")—GW (yZ, Yo e")

Therefore, we have

2 _ 2
e[~ e s rror,e| < o|wider| +2|wa| D, | + 76 Qv (0. Oy, €) =G, (v i€
:T”wf’ 4 +Z'Hw’2’ ” "H+Z’G(e",th(tn), e")
<z|wi|de’||+ o|wi]do,e | +ezle q‘ Ew
Then,
n 2 n 2 n=1 _n n
e +T“rotwe <" e )+T“w1 +1'“w2 H+cr E‘Oe E]]y(t )|
By the boundedness of y and the Poincare’ inequality, it follows
n n 2 1 n-1 2 1 n 2 n n n
€ +THr0tWe SE e “ +5 e +T(“w1 +“w2“+cl)[‘.rotwe “
Consequently,
n 2 n 2 1 n-1 2T n n 2T n 2
—lle +T“rotwe <—|le “ +—(“w1 +“W2H+Cl) +—“rotwe
2 2 2
That is,
1 2 T 2 1 2 oo T 2 2
L[ +Zpot,e[ < Lo [ + 25 (“w;' +wa] j
2 2 2 2
By repeated application,
n 2T n 2 0 2 N i 2 c i 2 2
e +5Hrotwe S“e H +c,T Z”Wlu +Z“W2“ +¢ (42)
i=1 i=1

By Lemma 4.1 and R, (roty) =rot, (QhY) )

s+l °

[ < esn Iy

From 7w/ =701 Y( )yt -y(6y) = J'(t ‘. 1)a Y(’)dt

lizy

wi=t fami 20 )
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Thus,

2
i 2
“Wi”z =£ %tj (t-t,._o"’ajg’) ds | dQ Sl'_lzi

liz

Then by substituting (4.15) into (4.13), we have

e}’l

The proof is completed.

5. Numerical Experiment

In this section, we present the results of numerical
experiment. We carry out benchmark test in 2D. We consider
a simple problem for the incompressible viscous MHD
equations with known analytical solution in 2D. We choose
Q=[0,1]x[0,1] and time interval 1=[0,1] with

computational domain. Also we assume that problem (2.1)-

(2.5) has an analytic solution, which is given by
u = (e sin27xcos 27Ty, —e' cos27mxsin 271y)! ,
B = (e sin27my, e sin27x)",
By simple computation, we use the parameters
_ 1 _ 1 —1inth
y_87’ Yu —F,a =1 in the tests.

We choose wuniform triangular mesh and let
h= l/N (N =8,16,32, 64, 128) be mesh sizes for triangular
meshes.

Let u and u, be the exact velocity and the WG finite
element approximation, B and B, be the exact magnetic
field and the WG finite element approximation.

Inthetest, T=h and 7 = h?* are used to check the order of
convergence with respect to time step size 7 and mesh size
h . The results are shown in Table 1 and Table 2.

Table 1. Result of WG finite element method with y:l/gnz, Y= 1/4;72 ,a=1and

n
S e sl ey, o
i=1

=h.

1/h  |O@-uj) o= |0 -B;) |B-B;
8 1.054¢-2 132e3 3.78¢e-1 416e-3
16 3423 2.64e-4 6.15¢-1 3.58¢-4
32 2.609¢-3 54lc-4 2.79¢-2 5.17¢-4
64 4274 3.92¢-5 438¢-3 3.26¢-5
128 8.1le-4 4.59¢-6 743e-4 291e-5

Table 2. Result of WG finite element method with = 1/ 87, Vu= 1/ 47, a=1and

r=I.

Y |O@-u) Ju-u; |o® -B;) |B-B;
§  237e3 1.74¢-5 4.05¢2 2.95¢-4
16 627c4 3.89¢-6 2.71e2 5.38¢-5
32 3094 7.15¢-6 3.83¢3 4.79¢-5
64 4.08¢5 2.57e-6 1.82e-4 7.48¢-6
128 3935 5.29¢-7 2.36¢-5 6.83¢-6

t t; 2 t 2
' r[ 0y(0 A ERIO)
2
t—t_)"dtd dt |dQ<c, 70 dt (44)

I( ) t{[ 01> ! ,.J; o1

L, 62 ‘ 2

Lz() ds (n > 0)
0 ot

From these results, we can know that WG finite element
method is advisable and efficient.

Remark 2. For the above exact solutions u and B, we
know that hydrodynamic pressure p and minor control

possible electromotive force J are

c

p =e 2 (cos? 27Tx + cos? 27Ty — cos 27Tx [Gos 27Ty) ,

J . =—e"!(sin® 277x [dos 27Ty + cos 277x Bin 277y) ,

c
respectively.

6. Conclusion

In this paper, we have formulated the weak Galerkin
finite element scheme for the incompressible viscous
magneto-hydrodynamic equations on arbitrary polygons or
polyhedra with certain shape regularity. Also, we have
estimated the error of the semi-discrete and full-discrete
approximate solutions by the weak Galerkin finite element
method for the incompressible viscous Magneto-
hydrodynamic equations.

In particular, we have derived the optimal error estimates
for velocity and magnetic field in Hilbert space, respectively.

In furture work, we will develop for more general
problems, such as incompressible viscous Magneto-
hydrodynamic equations with other boundary conditions and
numerical experiment et al, from practical requirement.
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