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Abstract: The paper investigates the time independent effect of Stack- driven airflow in cross- ventilated building with 

multiple opening in the presence of constant indirect flow velocity. The dimensionless model of momentum and energy 

equations are analyzed, using second order linear differential equation to develop the explicit expression for velocity, 

temperature profiles together with volumetric and mass- transfer by means of separation of variable method. Some numerical 

examples are presented graphically in order to illustrate the effects of physical parameters involved in the study. From the 

course of investigation, it was observed air temperature and velocity increase with the increase in both parameters (θ0), (Pr) 

and (Gr). Respectively. In addition, comparison with previously published work by A. L. Muhammad et. al (2016) was 

performed. In which, the study concluded that, the results for present work is more effective and efficient than the previous 

work in term of ventilation process. Finally, from the course of investigation, it was observed air temperature and velocity 

increase with the increase in both parameters (θ0), (Pr) and (Gr) respectively. 
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1. Introduction 

From a technological point of view, a study of natural 

ventilation in building is always important. The analysis of 

such flows finds application in different areas such as Fluid 

dynamics, architectural design and Engineering. Natural 

ventilation of building provides improvement of internal 

comfort and air quality conditions leading to a significant 

reduction of cooling energy consumption. Design of natural 

ventilation systems for many types of building is based on 

buoyancy forces. However, external wind flow can have 

significant effects on buoyancy- driven natural ventilation. 

Air flow distributions in buildings are considered to be as a 

result of the knowledge of the exact air supply to a building. 

Knowledge of the exact air supply to a building is necessary 

to determine its thermal performance and the concentration 

of the indoor pollutants. The exchange of air can be achieved 

either by mechanical means (Mechanical ventilation) or 

through the large opening of the building envelope (Natural 

ventilation). Of course natural ventilation is being pursued by 

humans, who are increasingly spending more time indoors, to 

extend the possibilities of living in uncongenial or squally 

conditions etc. The improvements of the quality of the 

interior space both in its attractiveness, spaciousness, 

luminosity, and more importantly its proper natural 

ventilation are major concerns for designers of modern 

structures. Air flow modeling gives Architectures and 

Engineers the luxury to consider several design options in the 

minimum amount of time. As a result, the final design is not 

based on a tentative approach, but is a result of a professional 

design process considering several options and selecting the 

optimum solution. This can save on capital and running costs 

save time on commissioning. Many attempts to investigate 

this phenomenon have been made by some researchers such 

as, investigated airflow process in single-sided natural 

ventilation was given [1]. The CFD model was applied to 
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determine the effects of buoyancy, wind or their combination 

on ventilation rates and indoor conditions. A scale effect in 

room air-flow was presented [2] and later air movement on 

naturally-ventilated building was studied [3]. And also an 

investigation of air flow rate across a vertical opening which 

is induced by thermal source in a room was given [4] and 

worked based on the study [3]. Stack- driven airflow through 

rectangular cross- ventilated building with two openings 

using analytic technique was presented [5] and steady airflow 

through multiple upper openings inside a rectangular 

building in the presence of indirect flow was also 

investigated [6]. An example of solution multiplicity in a 

building with bi-directional flow openings was presented [7]. 

CFD model of airflow air indoor pollutant in rooms was 

presented [8]. A room airflow distribution system using CFD 

was presented [9]. An approach with advantages and 

disadvantages of various methods for modeling air flow in 

the building was described [10] and also studies buoyancy-

driven natural ventilation of buildings-impact of 

computational domain. Displacement ventilation (where the 

interior is stratified) was presented by ([11] and the mixing 

ventilation (where the interior has uniform temperature) was 

presented [12]. Airflow process that combined the ideas of 

displacement ventilation from [14] was studied [13]. A 

transient airflow process across three vertical vents induced 

by Stack- driven effect inside Un- Stratified cross- ventilated 

rectangular building with an opposing flow in one of the 

upper Opening was studied [15]. Mathematical modeling of 

wind forces was developed [16]. 

A flexible system- identification frame-work for linear 

thermal models that is well suited to accommodate the 

unique features of mixed-mode buildings was presented [17]. 

ventilation driven by a point source of buoyancy on the floor 

of an enclosure in the presence of wind was examined [18]. 

natural ventilation potential by considering thermal comfort 

issues was presented [20] and estimated [19]. heat and mass- 

transfer through an openings by natural convection in a 

single sided ventilated building was studied [21] and the 

study also obtained an equation that predicts velocity 

distributions, volumetric airflow and mass transfer in terms 

of stack-effect using Bernoulli’s equation for an in viscid 

fluid. 3D unsteady Reynolds-averaged Navier-Stokes (RANS) 

CFD simulations to reproduce the decay of ���  (Carbon 

dioxide) concentration in a large semi-enclosed stadium was 

presented by [22]. A study of two openings naturally 

ventilated building potential model considering solution 

multiplicity, window opening percentage, air velocity and 

humidity in China was presented [23]. An experiment on the 

exchange flow through a window in a heated, sealed room of 

a test house was performed [24]. The data give a smaller 

value of discharge coefficient �� = 0.044 + 0.004∆�  and 

suggested that the reduction was coused by mixing of the 

incoming and outgoing air at the window. 

An experiment on a vertical temperature distribution of 

hybrid ventilation in an atrium building was performed [25]. 

full- scale experimental and CFD methods were used to 

investigated buoyancy- driven single sided natural ventilation 

with large openings [26]. An experimental analysis on a 

single full size ventilated box window without shading 

devices was performed [27]. A building having two openings 

at different vertical level on opposite walls with heights of 

the two openings are relatively small was studied [28]. The 

study also considered an indoor source of heat 
 , and the 

wind force can assist or oppose the thermal buoyancy force, 

when the indoor temperature is uniform. Natural ventilation 

induced by combined wind and thermal forces was studied 

[29]. Interaction of the wind with building by considering the 

wind-driven flow only was investigated [30]. Wind driven 

cross ventilation in buildings with small openings was 

studied [31]. A simple mathematical model of stack 

ventilation flows in multi-compartment buildings was 

presented [32]. A non- dimensional analytical method was 

used [33] to calculate the overall heat transfer coefficient and 

energy balance of a DSF. A study of natural ventilation in an 

enclosure containing two buoyancy forces was presented [34]. 

A macroscopic model that describes natural convection 

through rectangular openings in partition-I in a single sided 

ventilated building was investigated [35]. A macroscopic 

model that describes natural convection through rectangular 

openings in partition-II in a single sided ventilated building 

was also presented [36]. A study of fluid mechanics of 

natural ventilation was given [37]. CFD and Field Testing of 

a naturally ventilated Full-scale Building was experimentally 

study [38]. A transient investigation of airflow through two 

upper openings in a cross ventilated rectangular building in 

the absence of opposing flow was study [39]. 

The main objective of this paper is to analytically 

determine the behavior of parameters involve in the results 

which can predicts the temperature, velocity profiles together 

with volumetric airflow and mass transfer in a rectangular 

un- stratified cross- ventilated building with multiple 

openings on a vertical wall. Results of the computations for 

velocity, temperature distributions together with volumetric 

flow and mass transfer will be present graphically and 

various parameters such as Effective thermal coefficient ����, 

Prandtl number ���� and Grashof number ���� embedded in 

the problem will be discuss. In addition, comparison with 

previously published work will be perform in order to 

ascertain the best for optimal ventilation. This is the novel 

approach which will lead to better understanding of the 

phenomenon and help in optimizing the designs for better 

natural ventilation. 

2. Description/ Statement of Problem 

In this paper, a theoretical study for transient effect of 

constant indirect flow velocity through multiple upper- vents 

in rectangular building was considered. A flow of this type 

represents a new class of boundary- layer flow problems in 

the building envelope. Moreover, this is an exact solution of 

the complete Navier- Stokes Equations (including, buoyancy 

force term). The building considered, is un-stratified cross- 

ventilated rectangular building with multiple openings. In 

which the building has Five (5) upper and one lower 

rectangular opening. The upper opening has an area of 0.7� ×  1.0�, while the lower opening is 0.7� × 2.0� . 

Dimension of the building is 5.3� × 3.6� × 2.8� with air 
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as the connecting fluid. The domain envelops were separated 

from one another by a vertical rectangular openings of 

height �  and width !", which is illustrated in Figure 1. The 

density of air in the building is maintained at #�  with 

temperature at � and pressure �. 

 

Figure 1. Diagram of un-stratified ventilated rectangular building with 

multiple- vents. 

3. Material and Method 

In the present paper we discussed the temperature- velocity- 

profiles together with volumetric and mass transfer for transient 

Stack- driven airflow through rectangular openings in building with 

multiple openings in the presence of uniform interior temperature 

(see Figure 1). A schematic diagram of airflow process in the 

building is shown in Figures 2 and 3 below. The flow is transient 

that depends on the height of the opening on the vertical walls. 

Airflow is assumed to be at low speed so that it will behave like 

incompressible fluid. Internal heat source is negligible $ % 1 (see 

Figure 1). An approximation of reduced gravity is invoked. One 

Navier Stokes Equations with appropriate boundary conditions will 

describe the problem. The model equations are written in a 

dimensionless form and solved analytically by means of separation 

of variable methods. 

 

Figure 2. Schematic diagram of airflow process in the ventilated rectangular 

building with multiple- upper vents. 

 

Figure 3. Schematic diagram of indirect flow in each of the multiple-vertical 

vents in rectangular building. 

Notations and Greek’s words 

�&, ��, �', �(, �), �* coefficients 

�&, �� separation constants 

+, ,, � constants 

-. 
total area of the openings in non- 

dimensional Form 

$ internal heat source 

/ line scale 

0� constant indirect velocity of the air 

1 air pressure in dimensional form 

2 acceleration due to gravity 

!" constant width of the opening 

34 specific heat capacity of air 

5 dummy variable 

6  
height of the opening in dimensional 

form 

6 
height of the opening in non- 

dimensional form 

7 time in dimensional form 

7  time in non- dimensional form 

3� discharge coefficient 

8� 
constant velocity of air at � � 1, 7 �79:; 

8 velocity of air in dimensional form 

8  
velocity profile in non- dimensional 

form 

8<  
steady velocity profile in non- 

dimensional form 

8=  
unsteady velocity profile in non- 

dimensional form 

8>  
velocity profile in non- dimensional 

form for complementary solution 

84  
velocity profile in non- dimensional 

form for particular solution 

Greek symbols #: ambient density of air #? interior density of air �: ambient temperature of air �� effective thermal coefficient � air temperature in dimensional form ∆� change of air temperature in dimensional form �  temperature profile in non- dimensional form �<  steady temp. profile in non- dimensional form �=  unsteady temp. profile in non- dimensional form @ coefficient of thermal expansion A thermal conductivity ratio B kinematic viscosity of fluid C dynamic viscosity of fluid D coefficient of thermal diffusivity EF viscous dissipation 

Non dimensional Group �� Prandtl number �� Grashof number 

Subscript G width of the openings 
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4. Model Formulation 

The convective motion induced by stack- driven effect as 

illustrated in Figures 2 and 3 is described by the conservation 

Equations for Continuity, Momentum and Energy Equations 

known as Navier- Stokes Equations, 

#: H IJ
I;K + IFL

IM N � 0                         (1) 

#� HIJ
IO + 8 IJ

I;K + 0� IFL
IM N � − �4

�;K + C HIQJ
I;KQ + IQJ

IM QN        (2) 

#� HIR
IO + 8 IR

I;K + 0� IR
IM N � − S

>T HIQR
I;KQ + IQR

IM QN + U
>T EV      (3) 

It assumed that the velocity and temperature fields are 

independent of the distance parallel to the surface, and if the 

gravitational field is aligned with the direction of air motion, 

the pressure will be a component along the width of the 

openings in the building, and air as no viscous fluid, we can 

neglect the viscous dissipation as EV % 1 and $ ≪ 1, 

8 = 8�6∗, 7�, 0 = 0� = 3WX57. , � = ���, 7�        (4) 

Navier- Stokes Equations are simplified by the above 

mentioned assumptions, in which continuity Equation in (1) 

is satisfied identically then, Equations (2) and (3) can be 

reduces to, 

IJIO + 0� IJIM∗ = 2@Δ� + B IQJIM∗Q                   (5) 

IRIO + 0� IRIM∗ = A IQRIM∗Q                      (6) 

With the following dimensional boundary conditions as, 

0 ≤ 6∗ ≤ 2, 7 ≥ 0, 0 = 0� = 3WX57. , 8�0� = 0, 8�2� 

= 0, 8�0, 7� = 0, 8�2, 7� = 0,  
 ��0� = −��, ��2� = 1 − ��, ��0, 7� = 0, ��2, 7� = 0    (7) 

By scaling 6∗  with 6/ , velocity \ with 
J∗]^∆R_Q

` , 7 = O∗_Q
` , 

and introducing � with �∗∆� + �: . 
In dimensionless form the above Equations (5) and (6) 

may be expressed as, 

IJ∗
IO∗ − � IJ∗

IM = IQJ∗
IMQ + �����∗�6, 7∗�        (8) 

I.∗
IO∗ − � I.∗

IM = IQ.∗
IMQ                              (9) 

Where, � = −0���, 

with the following dimensionless boundary conditions as, 

0 ≤ 6 ≤ 1, 7∗ ≥ 0, 8�0� = 0, 8�1� = 0, 8=�0, 7∗� = 0, 8=�1, 7∗� = 0, a8�1, 79:;�a6 = 8�, 
�∗�0� = −��, �∗�1� = 1 − ��, �=∗�0, 7∗� = 0, �=∗�1, 7∗� = 0, �=∗�1, 79:;� = 5bX7∗                                   (10) 

The time dependent Equation given in Equation (9) is, 

a�∗a7∗ − � a�∗a6 = a��c ∗a6�  

Together with dimensionless boundary conditions as, 

0 ≤ 6 ≤ 1, 7∗ ≥ 0, �∗�0� = −��, �∗�1� = 1 − ��, �=∗�0, 7∗� = 0, �=∗�1, 7∗� = 0, �=∗�1, 79:;� = 5bX7∗        (11) 

The steady state Equation and steady boundary condition 

for dimensionless temperature profiles is, 

�Q.∗
�MQ + � I.∗

IM = 0                             (12) 

0 ≤ 6 ≤ 1, �∗�0� = −��, �∗�1� = 1 − ��        (13) 

Equation (12), together with the homogeneous 

dimensionless boundary conditions in Equations (13) yields 

to, 

�<∗�6� = −�� + de
&fde �gfhM − 1�               (14) 

The Equation for the temperature profiles is one given in 

Equation (9) as, 

a�∗a7∗ − � a�∗a6 = a��c ∗a6�  

The separation between the steady and unsteady part of 

solution are as follows, 

�∗�6, 7∗� = �∗<�6� + �=∗�6, 7∗�                      (15) 

The Equation (9) is also valid for the unsteady part of the 

solution as, 

I.i∗IO∗ − � I.i∗IM = IQ.i∗IMQ                              (16) 

With the following unsteady boundary condition for 

dimensionless temperature profiles as, 

0 ≤ 6 ≤ 1, �=∗�0, 7∗� = 0, �=∗�1, 7∗� = 0, �=∗�1, 79:;� = 5bX7∗ (17) 

The separation given by, 

�=∗�6, 7∗� = 6�6���7∗�                      (18) 

Leads with Equation (16) to the eigen value problem as, 

.j
. = Mjj

M + hMj
M = −�&� for �& > 0               (19) 

In which Equation (18) yields to, 
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�= �6, 7∗� = gfopQO
q
rs+&gtuevweQuxypQQ zM + +�gtueuweQuxypQQ zM

{
|} 

With generalized solution of the form, 

�=∗�6, 7∗� = gfHopQO~eQN��&3W5ℎ,6 + ��5bXℎ,6�        (20) 

For, 0 < �& ≤ h� , , = ��� − 4�&�  and the arbitrary 

constants +& = �& + ��, +� = �& − ��. 
Equation (20), together with the homogeneous 

dimensionless boundary conditions in Equations (17) yields 

to, 

�=∗�6, 7∗� = <?�O∗
>�<�� gHopQ�O���fO∗�~eQN3W5ℎ,6                                                             (21) 

Where, �& = 0, �� = <?�O∗
>�<�� gHopQO���~eQN

 for, , = whQf(opQ�  �7 7∗ ≥ 0. 
The time dependent solution for dimensionless temperature profiles is, 

�∗�6, 7∗� = −�� + de&fde �gfhM − 1� + <?�O∗>�<�� g�opQO���fO∗�3W5ℎ,6                                                   (22) 

The time dependent Equation given in Equation (8) is, 

a8∗a7∗ − � a8∗a6 = a�8∗a6� + �����∗�6, 7∗� 

IJ∗
IO∗ − � IJ∗

IM = IQJ∗
IMQ + ���� H−�� + de

&fde �gfhM − 1� + <?�O∗
>�<�� g�opQO���fO∗�3W5ℎ,6N                       (23) 

Together with dimensionless boundary conditions as, 

0 ≤ 6 ≤ 1, 7∗ ≥ 0, 8∗�0� = 0, 8∗�1� = 0, 8=∗�0, 7∗� = 0, 8=∗�1, 7∗� = 0, IJ∗�&,O����IM = 8�                   (24) 

Steady Solution 

The steady state Equation and boundary condition for dimensionless velocity profiles is, 

IQJ∗
IMQ + � IJ∗

IM = ���� �−�� + de
&fde �gfhM − 1��                                                                (25) 

0 ≤ 6 ≤ 1, 8∗�0� = 0, 8∗�1� = 0                                                                              (26) 

Starting with the homogeneous part of Equation (16), one obtained the complementary solution as, 

8>∗�6� = �' + �(gFLM                                                                                         (27) 

By employing the variation of parameter methods, one can write the particular solution as, 

84∗�6� = ��hQ�&fdue� �����1 − gfh� − 1��6 − gfhM H1 + &&fo�N + ���1 − ���1 − gfh���                            (28) 

The general solution is given by, 

8<∗�6� = �' + �(gFLM + ��hQ�&fdue� �����1 − gfh� − 1��6 − gfhM H1 + &&fo�N + ���1 − ���1 − gfh���          (29) 

The two constant which appear in Equation (29) can be determined by prescribing the boundary condition for the velocity 

field in Equation (5), thus obtaining, 

8<∗�6� = ��hQ�&fdue��&fd�L� � H1 + &&fo�N �gfh − gFL − gFLM�gfh − 1� − gfhM�1 − gFL�� +�1 − ���1 − gfh���� − ���1 − gFL� − �gFLM + �1 − gFL���� − �6���                   (30) 

Where  �' = H&~ ppuy�N�duefd�L�~H&fRL�&fdue�N�hfo��&fd�L��hQ�&fdue��&fd�L� , �( = −�� �H&~ ppuy�N�duef&�~hH&fRL�&fdue�N�hQ�&fdue��&fd�L�  are the two arbitrary 

constant. 

Plugging the Equation (14) in Equation (3) yields to, 
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IJ 
IO − � IJ 

IM � IQJ 
IMQ + ���� H−�� + de

&fde �gfhM − 1� + <?�O∗
>�<�� g�opQO���fO∗�3W5ℎ,6N                            (31) 

With the following boundary condition for velocity profiles as, 

0 ≤ �∗ ≤ 1, 8=∗�0, 7∗� = 0, 8=∗�1, 7∗� = 0, a8∗�1, 79:;�a6 = 8�. 
Starting with the homogeneous part of Equation (31), one obtain 

�J∗∗
�O∗ − � IJ∗

IM − IQJ∗
IMQ = 0                                                                                (32) 

The separation is given by the complementary solution as, 

8>∗�6, 7∗� = 6�6���7∗�                                                                                (33) 

Leads with Equation (32) to the eigen value problem as, 

.j
. = �� Mjj

M + � Mj
M = −��� for �� > 0                                                                      (34) 

The generalized complementary solution is of the form, 

8h∗�6, 7∗� = gfHoQQO∗fpQFLMN��)3W5+6 + �*5bX+6�                                                             (35) 

Using the boundary condition for unsteady velocity profiles one obtains, 

8h∗�6, 7∗� = JL<?��MdyQQ������u�∗�upQ�L�pu���
�>�<��f eQy�<?��                                                                     (36) 

Where, �) = 0, �* = JLdHyQQ����upQ�LN
�>�<��f eQy�<?�� , + = whQf(o�oQQ�o�  

The particular solution for Equation (31) is given by, 

8o∗�6, 7∗� = f<?�O∗dypQ�����u�∗�
�>�<�� H d��

&~opQ~�h + d��
&~opQf�hN − ��7∗ + ���6 + o�MQRL� + de

&fde H7∗ − �6 − o�MQ
� N                (37) 

The generalized solution of unsteady velocity profiles is of the form, 

8=∗�6, 7∗� = 8h∗��∗, 7∗� + 8o∗��∗, 7∗�. 
This yield to, 

8=∗�6, 7∗� = 8�5bX+6goQQ��O���fO∗�f&�FL�&fM��
+3W5ℎ+ − �2�� 5bX+ − 5bX7∗gopQ�O���fO∗�23W5ℎ, � g�M1 + �&� + ,� + g�M1 + �&� − ,�� − 

��7∗ + ���6 + o�MQRL� + de
&fde H7∗ − �6 − o�MQ

� N                                                             (38) 

The time dependent solution for the velocity field in Equation (31), 

8∗�6, 7∗� = 8<∗�6, 7∗� + 8=∗�6, 7∗� 

Therefore, the general time dependent solution for dimensionless velocity profiles is given by, 

8∗�6, 7∗� = �����1 − gfh��1 − gFL� � �1 + 11 − ��� �gfh − gFL − gFLM�gfh − 1� − gfhM�1 − gFL��+�1 − ���1 − gfh���� − ���1 − gFL� − �gFLM + �1 − gFL���� − �6��� 
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+ 8�5bX+6goQQ��O���fO �f&�FL�&fM��

+3W5ℎ+ − �2�� 5bX+ − 5bX7 gopQ�O���fO �
23W5ℎ, � g�M1 + �&� + ,� + gf�M1 + �&� − ,�� − ��7∗ + ���6 + ��6���2  

+ de
&fde H7∗ − �6 − o�MQ

� N                                                                            (39) 

The volumetric airflow is defined in Equation (40) below, 

�∗�6, 7∗� = -∗3� � 8∗�5, 7∗�,5,7∗<��Q<��                                                               (40) 

Putting Equation (39) in (40), one obtains 

�∗�6, 7∗� = -.3� � � ��hQ�&fdue��&fd�L� �H1 + &&fo�N �gfh − gFL − gFL<�gfh − 1� − gfh<�1 − gFL�� + �1 − ���1 −<��Q<��

gfh���� − ���1 − gFL� − �gFL< + �1 − gFL���� − �5��� + JL<?��<dyQQ������u�∗�upQ�L�pu ��
�>�<��f eQy�<?�� − <?�O∗dypQ�����u�∗�

�>�<�� H d� 
&~opQ~�h +

du� 
&~opQf�hN − ��7∗ + ���5 + o�<QRL� + de

&fde H7∗ − �5 − o�<Q
� N � ,5,7∗                               (41) 

Where, 5 is a dummy variable. 

The results for Equation (41) yields to volumetric airflow as,. 
�∗�6, 7∗� = -.3� ¡¢¢

¢£ ��hQ�&fdue��&fd�L� tH1 + &&fo�N ��gfh − gFL� M�� − �gfh − 1� d�L�QFL + �1 − gFL� de�Qh + �duef&�FL − �&fd�L�h z +
�1 − ���1 − gfh�� H−���0� + �1 − gFL�� M� + ��gFL�Q + �1 − gFL� H�� M� − � MQ

¤ N − ��N 7∗ +
¥L�LQ dyQQ������u�∗�vpQ�L�¦H<?����Q~�QoQQ�LQ >�<���QNdu�L�xf�oQQ�LQ §

H�>�<��~pQFL<?���N�&f�QHoQQ�LQ NQ� + �¨© �∗ypQ f<?�O∗�dypQ�����u�∗�
�ª>�<��opQ¦&f p�ypQ�Q§ � &fd��Q&~opQ~�h + du��Qf&&~opQf�h� − ��7∗� M( +

H��� MQ
¤ + ���� M«

(¤N 7∗ + de
&fde H7∗� M( − � MQ

¤ 7∗ − �� M«
(¤ 7∗N

¬­­
­®
                                              (42) 

The mass transfer is given by Equation (43) below as, 

�∗�6, 7∗� = #:�∗�6, 7∗�                                                                             (43) 

By plugging Equation (42) in (43), one obtains mass transfer as, 

�∗�6, 7∗� = -.#:3� ¡¢
¢£ ��hQ�&fdue��&fd�L� tH1 + &&fo�N ��gfh − gFL� M�� − �gfh − 1� d�L�QFL + �1 − gFL� de�Qh + �duef&�FL − �&fd�L�h z +

�1 − ���1 − gfh�� H−���0� + �1 − gFL�� M� + ��gFL�Q + �1 − gFL� H�� M� − � MQ
¤ N − ��N 7∗ +

¥L�LQ dyQQ������u�∗�vpQ�L�¦H<?����Q~�QoQQ�LQ >�<���QNdu�L�xf�oQQ�LQ §
H�>�<��~pQFL<?���N�&f�QHoQQ�LQ NQ� + �¨© �∗ypQ f<?�O∗�dypQ�����u�∗�

�ª>�<��opQ¦&f p�ypQ�Q§ � &fd��Q&~opQ~�h + du��Qf&&~opQf�h� − ��7∗� M( + H��� MQ
¤ +

���� M«
(¤N 7∗ + de

&fde H7∗� M( − � MQ
¤ 7∗ − �� M«

(¤ 7∗N
¬­
­®                                         (44) 
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5. Numerical Examples 

 

Figure 4. Transient temperature profiles �  versus �  and 7  for �� � 0.01 

with fixed value of �� = 0.710. 

In this section the main features of the solutions found in 

the previous section (4.0) will be discussed. This is done in 

order to see the effect of changes of parameters to the overall 

distributions, while keeping other operating conditions and 

parameters fixed, and ascertain the best one for optimal 

natural ventilation. The non- dimensional Equations in (8) – 

(9) are solved analytically with the separation of variables 

method and the solutions for temperature, velocity profiles 

together with volumetric airflow and mass transfer are 

expressed in Equations (22), (39), (42) and (44) and 

distributions plotted. The solutions obtained for temperature, 

velocity profiles together with volumetric airflow and mass 

transfer are governed by effective thermal coefficient ����, 

Prandtl number ���� and Grashof number ����. To examine 

the effects of different parameters governing the convective 

flow, the values of Prandtl number ����  is chosen to be �� = 0.71  corresponding to air, the values of Grashof 

number ���� is chosen for cooling case ��� > 0�, a case of 

general interest in energy system technologies. 

The remaining parameters are chosen arbitrarily. 

 

Figure 5. Transient temperature profiles �∗ versus �∗ and 7∗ for �� = 0.03 

with fixed value of �� = 0.710. 

 

Figure 6. Transient temperature profiles �∗ versus �∗ and 7∗ for �� = 0.05 

with fixed value of �� = 0.710. 

 

Figure 7. Transient temperature profiles �∗ versus �∗ and 7∗ for �� = 0.650 

with fixed value of �� = 0.03. 

 

Figure 8. Transient temperature profiles �∗ versus �∗ and 7∗ for �� = 0.710 

with fixed value of �� = 0.03. 
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Figure 9. Transient temperature profiles �  versus �  and 7  for �� � 0.770 

with fixed value of �� � 0.03. 

 

Figure 10. Transient velocity profiles 8  versus �  and 7  for �� � 0.01 

with fixed value of �� = 0.710 and �� = 20. 

 

Figure 11. Transient velocity profiles 8∗  versus �∗  and 7∗  for �� = 0.03 

with fixed value of �� = 0.710 and �� = 20. 

 

Figure 12. Transient velocity profiles 8∗  versus �∗  and 7∗  for �� = 0.05 

with fixed value of �� = 0.710 and �� = 20. 

 

Figure 13. Transient velocity profiles 8∗  versus �∗ and 7∗  for �� = 0.650 

with fixed value of �� = 0.03 and �� = 20. 

 

Figure 14. Transient velocity profiles 8∗  versus �∗ and 7∗  for �� = 0.710 

with fixed value of �� = 0.03 and �� = 20. 
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Figure 15. Transient velocity profiles 8  versus �  and 7  for �� � 0.770 

with fixed value of �� � 0.03 and �� � 20. 

 

Figure 16. Transient velocity profiles 8  versus �  and 7  for �� � 10 with 

fixed value of �� = 0.710 and �� = 0.03. 

 

Figure 17. Transient velocity profiles 8∗ versus �∗ and 7∗ for �� = 20 with 

fixed value of �� = 0.710 and �� = 0.03. 

 

Figure 18. Transient velocity profiles 8∗ versus �∗ and 7∗ for �� = 30 with 

fixed value of �� = 0.710 and �� = 0.03. 

 

Figure 19. Transient volumetric airflow �∗ versus �∗ and 7∗ for �� = 0.01 

with fixed value of �� = 0.710 and �� = 20. 

 

Figure 20. Transient volumetric airflow �∗ versus �∗ and 7∗ for �� = 0.03 

with fixed value of �� = 0.710 and �� = 20. 
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Figure 21. Transient volumetric airflow �  versus �  and 7  for �� � 0.05 

with fixed value of �� � 0.710 and �� = 20. 

 

Figure 22. Transient volumetric airflow �∗ versus �∗ and 7∗ for �� = 0.650 

with fixed value of �� = 0.03 and �� = 20. 

 

Figure 23. Transient volumetric airflow �∗ versus �∗ and 7∗ for �� = 0.710 

with fixed value of �� = 0.03 and �� = 20. 

 

Figure 24. Transient volumetric airflow �∗ versus �∗ and 7∗ for �� = 0.770 

with fixed value of �� = 0.03 and �� = 20. 

 

Figure 25. Transient volumetric airflow �∗  versus �∗  and 7∗  for �� = 10 

with fixed value of �� = 0.03 and �� = 0.710. 

 

Figure 26. Transient volumetric airflow �∗  versus �∗  and 7∗  for �� = 20 

with fixed value of �� = 0.03 and �� = 0.710. 
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Figure 27. Transient volumetric airflow �  versus �  and 7  for �� � 30 

with fixed value of �� � 0.03 and �� � 0.710. 

 

Figure 28. Transient mass transfer �∗ versus �∗ and 7∗ for �� = 0.01 with 

fixed value of �� = 20 and �� = 0.710. 

 

Figure 29. Transient mass transfer �∗ versus �∗ and 7∗ for �� = 0.03 with 

fixed value of �� = 20 and �� = 0.710. 

 

Figure 30. Transient mass transfer �∗ versus �∗ and 7∗ for �� = 0.05 with 

fixed value of �� = 20 and �� = 0.710. 

 

Figure 31. Transient mass transfer �∗ versus �∗ and 7∗ for �� = 0.650 with 

fixed value of �� = 20 and �� = 0.03. 

 

Figure 32. Transient mass transfer �∗ versus �∗ and 7∗ for �� = 0.710 with 

fixed value of �� = 20 and �� = 0.03. 
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Figure 33. Transient mass transfer �  versus �  and 7  for �� � 0.770 with 

fixed value of �� � 20 and �� � 0.03. 

 

Figure 34. Transient mass transfer �  versus �  and 7  for �� � 10 with 

fixed value of �� = 0.710 and �� = 0.03. 

 

Figure 35. Transient mass transfer �∗  versus �∗  and 7∗  for �� = 20 with 

fixed value of �� = 0.710 and �� = 0.03. 

 

Figure 36. Transient mass transfer �∗  versus �∗  and 7∗  for �� = 30 with 

fixed value of �� = 0.710 and �� = 0.03. 

 

Figure 37. Comparison between velocity profiles 8∗  and 8∗1  for fixed 

values of �� = 0.03, �� = 0.710, and �� = 20. 

 

Figure 38. Comparison between volumetric airflow �∗  and �∗1 for fixed 

values of �� = 0.03, �� = 0.710, and �� = 20. 
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Figure 39. Comparison between mass transfer �  and � 1  for fixed 

values of �� = 0.03, �� = 0.710, and �� = 20. 

A Physical interpretation of transient temperature profiles ��∗� for three incremental values of effective thermal 

coefficient �� = �0.01, 0.03, 0.05� is presented in Figures 5, 

6, and 7. In which in Figures 5, 6, and 7 illustrates variations 

in transient temperature �∗ versus �∗  and 7∗  for different 

values of �� . We note that for higher values of effective 

thermal coefficient, the transient temperature significantly 

increases. Hence, effective thermal coefficient boots the 

transient temperature. Higher effective thermal coefficient 

physically implies increase in the contribution of free 

convection flow of air in the building envelope. The thermal 

comfort in the building becomes more sensitive towards 

higher values �� , which in turn stabilizes the transient 

temperature in the building envelope. An increase in the 

height of the openings increases the transient temperature ��∗� in the building. Therefore, it is found that the best value 

of �∗  for optimal natural ventilation is when �� = 0.05. 
and  7∗ = 79:; = 1.0.  A Physical interpretation of transient 

temperature profiles ��∗� for three incremental values of 

Prandtl number �� = �0.650, 0.710, 0.770�  is presented in 

Figures 8, 9, and 10. In which in Figures 8, 9, and 10 

illustrates variations in transient temperature �∗versus �∗ and 7∗ for different values of ��. We note that for higher values 

of Prandtl number, the transient temperature significantly 

increases. Therefore, it is found that the best value of �∗ for 

optimal natural ventilation is when �� = 0.770.  and  7∗ =79:; = 1.0.  A Physical interpretation of transient velocity 

profiles �8∗�  for three incremental values of effective 

thermal coefficient �� = �0.01, 0.03, 0.05�  is presented in 

Figures 11, 12, and 13. In which in Figures 11, 12, and 13 

illustrates variations in transient velocity profiles �8∗� versus �∗ and 7∗ for different values of ��. We note that for higher 

values of effective thermal coefficient, the transient velocity 

profiles are enhanced in comparison to lower values of 

effective thermal coefficient. Besides, it observed that the 

transient velocity profiles in the building envelope increases 

significantly for the higher values of effective thermal 

coefficient. An increase in the height of the openings 

increases the transient velocity profiles �8∗� in the building 

envelope. Therefore, it is found that the best value of \∗ for 

optimal natural ventilation is when �� = 0.05.  and  7∗ =79:; = 1.0.  A Physical interpretation of transient velocity 

profiles �8∗� for three incremental values of Prandtl number �� = �0.650, 0.710, 0.770�  is presented in Figures 14, 15, 

and 16. In which in Figures 14, 15, and 16 illustrates 

variations in transient velocity profiles �8∗� versus �∗ and 7∗ 

for different values of ��. We note that for higher values of 

Prandtl number, the transient velocity profiles are enhanced 

in comparison to lower values of Prandtl number. Besides, it 

observed that the transient velocity profiles in the building 

envelope increases significantly for the higher values of 

Prandtl number. Therefore, it is found that the best value of 8∗  for optimal natural ventilation is when �� = 0.770. and 7∗ = 79:; = 1.0.  A Physical interpretation of transient 

velocity profiles �8∗� for three incremental values of Grashof 

number �� = �10,20, 30� is presented in Figures 17, 18, and 

19. In which in Figures 17, 18, and 19 illustrates variations in 

transient velocity profiles �8∗� versus �∗ and 7∗ for different 

values of �� . We note that for higher values of Grashof 

number, the transient velocity profiles are enhanced in 

comparison to lower values of Grashof number. Besides, it 

observed that the transient velocity profiles in the building 

envelope increases significantly for the higher values of 

Grashof number. Hence, the buoyancy parameter ��, has the 

dominant effect in escalating transient velocity. Also, an 

increase in the height of the openings increases the transient 

velocity profiles �8∗� in the building envelope. Therefore, it 

is found that the best value of \∗  for optimal natural 

ventilation is when �� = 30.  And 7∗ = 79:; = 1.0.  A 

Physical interpretation of volumetric airflow ��∗� for three 

incremental values of effective thermal coefficient �� =�0.01, 0.03, 0.05� is presented in Figures 20, 21, and 22. In 

which in Figures 20, 21, and 22 illustrates variations in 

volumetric airflow ��∗� versus �∗ and 7∗ for different values 

of �� . We note that for higher values of effective thermal 

coefficient, the volumetric airflow is enhanced in comparison 

to lower values of effective thermal coefficient. Besides, it 

observed that the volumetric airflow in the building envelope 

increases significantly for the higher values of effective 

thermal coefficient. An increase in the height of the openings 

increases the volumetric airflow ��∗�  in the building 

envelope. Therefore, it is found that the best value of �∗ for 

optimal natural ventilation is when �� = 0.05.  and  7∗ =79:; = 1.0. A Physical interpretation of volumetric airflow ��∗�  for three incremental values of Prandtl number �� =�0.650, 0.710, 0.770� is presented in Figures 23, 24, and 25. 

In which in Figures 23, 24, and 25 illustrates variations in 

volumetric airflow ��∗� versus �∗ and 7∗ for different values 

of ��. We note that for higher values of Prandtl number, the 

volumetric airflow is enhanced in comparison to lower values 

of Prandtl number. Besides, it observed that the volumetric 

airflow in the building envelope increases significantly for 

the higher values of Prandtl number. An increase in the 

height of the openings increases the volumetric airflow ��∗� 

in the building envelope. Therefore, it is found that the best 

value of �∗  for optimal natural ventilation is when �� =0.770.  and 7∗ = 79:; = 1.0.  A Physical interpretation of 

volumetric airflow ��∗�  for three incremental values of 
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Grashof number �� � �10, 20, 30� is presented in Figures 26, 

27, and 28. In which in Figures 26, 27, and 28 illustrates 

variations in Grashof number ��∗�  versus �∗  and 7∗  for 

different values of �� . We note that for higher values of 

Grashof number, the volumetric airflow is enhanced in 

comparison to lower values of Grashof number. Besides, it 

observed that the volumetric airflow in the building envelope 

increases significantly for the higher values of Grashof 

number. Hence, the buoyancy parameter �� , has the 

dominant effect in escalating volumetric airflow. The physics 

behind this phenomenon is that due to the strong effect of 

buoyancy forces effect an increase in volume of air in the 

building exerts an additional pressure on the volumetric 

airflow, which accelerate the airflow in the building envelope. 

Also, an increase in the height of the openings increases the 

volumetric airflow ��∗� in the building envelope. Therefore, 

it is found that the best value of �∗  for optimal natural 

ventilation is when �� = 30  and 7∗ = 79:; = 1.0.  A 

Physical interpretation of mass transfer ��∗�  for three 

incremental values of effective thermal coefficient �� =�0.01, 0.03, 0.05� is presented in Figures 29, 30, and 31. In 

which in Figures 29, 30, and 31 illustrates variations in mass 

transfer ��∗� versus �∗ and 7∗ for different values of ��. We 

note that for higher values of effective thermal coefficient, 

the mass transfer is enhanced in comparison to lower values 

of effective thermal coefficient. Besides, it observed that the 

mass transfer in the building envelope increases significantly 

for the higher values of effective thermal coefficient. An 

increase in the height of the openings increases the mass 

transfer ��∗� in the building envelope. Therefore, it is found 

that the best value of �∗  for optimal natural ventilation is 

when �� = 0.05.  and 7∗ = 79:; = 1.0.  A Physical 

interpretation of mass transfer ��∗�  for three incremental 

values of Prandtl number �� = �0.650, 0.710, 0.770�  is 

presented in Figures 32, 33, and 34. In which in Figures 32, 

33, and 34 illustrates variations in mass transfer ��∗� versus �∗ and 7∗ for different values of ��. We note that for higher 

values of Prandtl number, the mass transfer is enhanced in 

comparison to lower values of Prandtl number. Besides, it 

observed that the mass transfer in the building envelope 

increases significantly for the higher values of Prandtl 

number. An increase in the height of the openings increases 

the mass transfer ��∗� in the building envelope. Therefore, it 

is found that the best value of �∗  for optimal natural 

ventilation is when �� = 0.770.  and  7∗ = 79:; = 1.0.  A 

Physical interpretation of mass transfer ��∗�  for three 

incremental values of Grashof number �� = �10, 20, 30� is 

presented in Figures 35, 36, and 37. In which in Figures 35, 

36, and 37 illustrates variations in Grashof number ��∗� 

versus �∗ and 7∗ for different values of ��. We note that for 

higher values of Grashof number, the mass transfer is 

enhanced in comparison to lower values of Grashof number. 

Besides, it observed that the mass transfer in the building 

envelope increases significantly for the higher values of 

Grashof number. An increase in the height of the openings 

increases the mass transfer ��∗�  in the building envelope . 
Therefore, it is found that the best value of �∗ for optimal 

natural ventilation is when �� = 30 and 7∗ = 79:; = 1.0. 
In order to examine the accuracy of our analytic solutions, 

the results are compared with most closely related results given 

[15]. These comparisons are shown in Figures 38, 39 and 40 

respectively. It is worth mentioning that all the above 

comparisons of the developed model are made in terms of non- 

dimensional variables are in in good agreement with the above 

stated studies given [15]. Hence, it is found that the best value 

for optimal natural ventilation is found to be in developed 

study. Therefore, expected objectives in the paper are achieved. 

6. Conclusion 

The results obtained for velocity profiles together with 

volumetric airflow and mass transfer of the developed study 

are in good agreement with the results obtained [15]. 

Furthermore, the findings of the study are applicable in the 

analysis in various branches of Architectural design, Civil 

and Mechanical Engineering. Main conclusions of the study 

are as follows: 

1. An increase in ��, ��  results in an increase in 

temperature profiles �∗  across the openings. The 

temperatures profiles �∗  is more sensitive at higher 

values of effective thermal coefficient ��  and Prandtl 

number ��. An increase in the height of the openings 

increases the temperature profiles �∗  in the building 

envelope. Also, the main features to be observed is that 

the temperature profiles �∗  was within comfortable 

conditions for higher value of time intervals 7∗. 
2. An increase in ��, ��, �� increases the velocity profiles 8∗ in the building envelope. The velocity profiles 8∗ is 

more sensitive at higher values of flow parameters ��, ��, ��.  An increase in the height of the openings 

increases the velocity profiles 8∗  in the building 

envelope. Also, the main features to be observed is that 

the velocity profiles 8∗  is higher in comparison to 

higher value of time intervals 7∗. 
3. The buoyancy parameter ��, has the dominant effect in 

escalating transient velocities and volumetric airflow in 

the building envelope. 

4. An increase in ��, ��, ��  increases the volumetric 

airflow �∗  in the building envelope. The volumetric 

airflow �∗  is more sensitive at higher values of flow 

parameters ��, ��, ��. An increase in the height of the 

openings increases the volumetric airflow �∗  in the 

building envelope . Also, the main features to be 

observed is that the volumetric airflow �∗ is higher in 

comparison to higher value of time intervals 7∗. 
5. An increase in ��, ��, �� increases the mass transfer �∗ 

in the building envelope. The mass transfer �∗ is more 

sensitive at higher values of flow parameters ��, ��, ��. 
An increase in the height of the openings increases the 

mass transfer �∗  in the building envelope . Also, the 

main features to be observed is that the mass transfer �∗  is higher in comparison to higher value of time 

intervals 7∗. 
6. The greater vertical distance between the openings and 

the greater temperature difference between the inside 

and the outside, the stronger is the effect of the 

buoyancy. 
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The model is only valid for cross- ventilated building with 

openings at the same height. 
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